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Computation of strongly swirling confined flows with cubic
eddy-viscosity turbulence models
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Department of Physics, Graduate School of the Chinese Academy of Sciences, P.O. Box 3908,
Beijing 100039, People’s Republic of China

SUMMARY

An investigation on the predictive performance of four cubic eddy-viscosity turbulence models for two
strongly swirling confined flows is presented. Comparisons of the prediction with the experiments show
clearly the superiority of cubic models over the linear k—¢ model. The linear k—¢ model does not contain
any mechanism to describe the stabilizing effects of swirling motion and as a consequence it performs
poorly. Cubic models return a lower level of Reynolds stresses and the combined forced-free vortex
profiles of tangential velocity close to the measurements in response to the interaction between swirl-
induced curvature and stresses. However, a fully developed rotating pipe flow is too simple to contain
enough flow physics, so the calibration of cubic terms is still a topic of investigation. It is shown that
explicit algebraic stress models require fewer calibrations and contain more flow physics. Copyright ©
2003 John Wiley & Sons, Ltd.

KEY WORDS: strongly swirling flow; confined flow; turbulence modelling; cubic eddy-viscosity
models

1. INTRODUCTION

Swirling flows are widely used in industrial applications, such as combustion chambers and
furnaces, to aid stabilizing the flame and create a region of strong shear to enhance mix-
ing process. The structure of the turbulence is highly sensitive to the swirl-induced body
forces. So the turbulence models used should contain an inherent mechanism capable of cap-
turing this sensitivity. For a fully developed rotating pipe flow, the widely used standard
k—e model is well recognized to predict a solid body rotation for the tangential velocity while
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experimental data show a near-parabolic distribution [1]. Since swirl introduces intense tangen-
tial streamline curvature and hence curvature—turbulence interaction affects all six independent
stress components, second-order closures have been suggested for modelling of swirling flows
[2—4]. However, the extra computational cost and the careful numerical method prevent them
from being widely applied. Non-linear eddy-viscosity turbulence models offer a better balance
between accuracy and cost [1,5]. The quadratic terms and the strain/vorticity-dependent co-
efficients are responsible for the ability to capture anisotropy, and the cubic terms can reflect
the effect of curvature [6]. The cubic term can also capture the swirling effect [7].

The present study aims at investigating the capability of variants of cubic eddy viscosity
turbulence models on strongly swirling flows. Two experimental test cases have been selected
for model validation. The first test case is an axially rotating pipe flow of Imao er al [8].
The second test case is a strongly swirling confined jet flow examined by So et al. [9]. Four
cubic eddy viscosity turbulence models under low-Re k—¢ framework are Craft et al. [10]
(CLS), Apsley and Leschziner [11] (AL), Shih et al. [1] (SHIH), Merci et al. [12] (MDVD).
For comparison, low-Re k—¢ model of Launder and Sharma [13] is chosen as the standard
model (SKE). All models are compared under the same numerical framework, with the same
discretization scheme and iterative solver.

2. GOVERNING EQUATIONS

For an isothermal, incompressible, axisymmetric swirling flow in cylindrical co-ordinates,
the general form of the governing equations, including the Reynolds-averaged Navier—Stokes
equations and the turbulent transport equations, can be expressed as

a(p9) dp\ 10 0¢
ot <F¢ 6x>_r5r( ¢ar>5¢ 0
where ¢ is time. x, r, 0 are the axial, radial and tangential co-ordinates, respectively, and U, V, W
are the corresponding mean velocity components. p is the fluid density. Sy is the source term
and I} is the effective Viscosity for the different variables ¢, as given in Table I.

In Table I, p=p + Zpk, and the eddy viscosity p, = pC# fuk?/e. The term D is non-zero
only for models adopting homogeneous dissipation rate é=¢ — D. S, is designed to provide
the correct near-wall viscous sublayer behaviour. f;, f, and f, are wall damping functions.
7;; is the non-linear part of the Reynolds stresses. Gy is the production rate of the turbulent
kinetic energy.

3. CUBIC EDDY-VISCOSITY MODELS

The dimensionless Reynolds-stress anisotropy tensor is defined by

Uil 2

W= T3

dij (2)

Although the foundation and derivation of different models can differ greatly, for non-linear
eddy-viscosity models up to cubic order, the stress—strain relationship in incompressible flow
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Table 1. The effective viscosity and the source term expressions for the
independent variables in Equation (1).

Variable ¢ I S
Mass 1 0 0
op 0 ou 10 ov
e
. L ox = Ox Ox r or ox
Axial momentum (x-direction) U W+
G 130%)
0x r or

op 0 U\ 16 o
*E*&@ﬁ)*?ﬁ(@ﬁ)

Radial momentum (7-direction) Vv W+ e
2LV pW? | Ot | 1 0(rte) o
-ttt =+ - - —
r r 0x roor r
. L 1474 1 00T
Tangential momentum (6-direction) w W+ W _P _r ﬁ (rLy) + Ora + = 00 zor)
r r2 or ox 2 or
Turbulent kinetic energy k Wi+ /o Gy — pe — pD
Dissipation rate & W+ /o 2 (Ci1/iGk — Cy fope) + pS:

may be written in the following canonical form
aj= = 2Cu fusij + A (3)
Aij = Br(susi; — Ysusudip) + Po(wisky — suwi) + B3s(wawis + Swewidiy)
— V1SkSkiSij + YaWkWiiSip — P3(WikWiiS1; + SWiawij + WiaWiaSi; — %szslmwmkéij)
— Pa(WiSkiS1; — SikSkwi;) C))
The non-linear part of the Reynolds stresses
T = — pkA;; (5)

Under the k—¢ framework, the components of dimensionless mean strain and mean vorticity
tensors are denoted by

SllzkaiU, S12:k<aU+aV>, 132557W
e Ox 2¢ \ Or ox 2¢ Ox
Szzzéal, 823—k<aW—W>, 5’33—5K
e Or 2¢ \ oOr r er
b b () e A (LY
2¢ \ Or 0x 2¢ Ox 2e \ or r
Note that Sij =8ji and Wij = — Wj;.
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3.1. Craft, Launder & Suga (1996) [10] (CLS)
Coefficients of this model are optimized over a wide range of flows:

~0.3{1 — exp[—0.36/exp(—0.751)]}
- 1+ 0.3513/2 ’

where the dimensionless strain invariant and vorticity invariant can be written as

S=N28uSk, W=/ 2wwy (®)

p1=04C, [, P2=04C,fy, P3= —1.04C,f,

Cy n = max(s, w) (7)

n=02=40Csfi, 73=0, 7= —80C;f, 9)
Jfu=1—exp[—/R,/90 — (R,/400)*] (10)
fi=1, f=1-03exp(—R}) (11)
where R, = k?/ve is the turbulent Reynolds number.
2
vk
D=2v (a%) (12)

When R, <250, S, =0.0022 &£ (202 otherwise, S, =0.

0x;jOxg

3.2. Apsley and Leschziner (1998) [1] (AL)

The stress—strain relationship is formed by successive iterative approximations to an algebraic
Reynolds-stress model. Free coefficients are calibrated by reference to DNS data for a channel
flow.

i t?_zjzzipf2)a* )
Br=06(a}, —an)(fp/a*)’,  Pr=(aj) —ax)(fe/c*), B3=0
Y11= %Cuﬁz(fP/G* Y, 72=4C, 7 (fp/o*)
13=6C, T (fplo" P 74 =6C, BT fr/o")’ (14)
fu=fi=fH=1, D=0 (15)
S;=Co /o 8(;% exp(—0.0038y*2), &)= C’i/:icm, C,=0.09 (16)
f=0222, 5=0.623 (17)
The dissipation length is based on the results of DNS data:
1D =0.179y,(1 + 128/y*)[1 — exp(—y*?/279)] (18)

where y, is the distance from the nearest wall and y* = y,vk/v is a dimensionless distance.
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The anisotropy-tensor components a;; and the shear parameter ¢* in equilibrium condition
are calibrated from DNS data for plane channel flow:

afy =1 4042 exp(0.296,/y — 0.040y") — 2/3

a5y = 0.404[1 — exp(0.001y" — 0.000147y"2)] —2/3

aj, = —03[1 — exp(—0.00443/y* — 0.0189y")]

6" =3.33[1 — exp(—0.45y")][1 + 0277y exp(—0.088y")] (19)

The constants in turbulent transport equations are

_ 1.0 . 1.37
LB23—7 LB

The non-equilibrium parameter which accounts for departures of the local shear parameter
0 = /SiSk + WiWu 18

ci=144, =183, o (20)

fr= 2o
‘ L+ /1+4f(fo—1)(o/o*)?
fo=1+4 1.25 max(0.095*2,1.0) 21

3.3. Shih et al. (1997) [1] (SHIH)

The cubic constitutive relation for the Reynolds stresses is derived using the invariant theory
in continuum mechanics and the generalized Cayley—Hamilton formulations.
The stress—strain relationship for incompressible flow is

ajj = =2C, fusij — As(Sikwrj — WirSk;)
|
+2A45(WikSkiS1; — SikSkWij + WikSWij — 3WiiSimWk Oij + 11557) (22)

where the second principal invariant of s;; is I, = %(skksmm — SkISk)-

V1= (4;Cps*)? .
1 4 (4;Cus*) 4 6.4C, f, (23)

C = = —_——
P A0+ AU T 05+ Lswrst 0 0T (st )2+ (wr)?
1 mPm.
A;=V6cos ¢, = 3 arccos (\f6 Skl(zl*; k) 24)
S =\/suskt, W=\ wWiwi;, U =/Susu + wuwi (25)

fi=1, fr=1-022exp(—R;/36), fu=[1—exp(-a1y" —asy™ —asy™)]'"*  (26)
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where @, =1.7x 1073, a;=1.0x 10", as=5.0 x 10710,

277\ 2
D=0, S,=vw, (%) (27)
j

Wall boundary conditions for k£ and ¢ are: k, =0.25u2, &, =0.251u?/v, where u, = \/7,/p
is the friction velocity and t,, is the dynamic wall shear stress.

3.4. Merci et al. (2001) [12] (MDVD)

This cubic model combined with a new transport equation for the dissipation rate, in which a
low-Reynolds source term is introduced. The model has been checked on different realizability
constraints.

te=pC,fikt,, Cu=(4; + A, max(s,w))~" (28)
where 1, =k/e + \/pt/pe is the turbulence time scale.
A;1=8, A;,=+/3 cos ¢, p=1 arccos(vV6W), W =2'3 % (29)
Bi=qi, B=q2+q/6, p3=0, p1=7=—¢, 73=0, yp4=2c (30)
g1 =(7 + 3 max(5,w) + 1.2 x 1072 max(5>,w>))"!
g2 = (1.7 + 5.4 max(5,w) + 3 x 1072 max(5°,w?>))~!
§=zw, c=— 600C3; F<w, c= —min(6OOCZ';4fHCH/(va/2 —35%) 3D

fi=1—exp(—=42x 1072/3* — 5.1 x 10*y*15 — 3,65 x 1071035

Ré3
fi=1, f,=1-022exp 36 (32)
where Rer = pkrt,/u is the turbulence Reynolds number.
D=0, S,=0 (33)

In the transport equation for &, C, = 1.83 +0.075w/(1 +52), which depends on the rotation.
The source term of the dissipation rate equation is

(C1/iGr = Cofape)/tu + E (34)
where E = — 1.8(1 — f,)(1t+ /0. )(0k/0x;)0t; ' /0x; is the cross-diffusion term, which only has
an influence near the wall.

4. NUMERICAL METHOD
All models are computed by the same code based on the finite-volume method with non-
orthogonal grids [14]. Variable storage is co-located and cell-centred, with Rhie—Chow in-

terpolation for cell-face mass fluxes. The SIMPLE pressure—correction algorithm is used to
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obtain the pressure field. The convection and diffusion terms of all the equations, including
the momentum equations in three directions and the model transport equations for turbulence
quantities, are approximated by the second-order central differencing scheme. The deferred
correction technique has been used for the discretization of the convection term. The Stone’s
strongly implicit procedure (SIP) method is employed with under-relaxation factors.

Convergence is judged by monitoring the magnitude of the absolute residual sources of
mass and momentum, normalized by the respective inlet fluxes. The iteration is continued
until all above residuals fell below 0.05%.

5. RESULTS AND DISCUSSIONS

5.1. Axially rotating pipe flow

Imao et al. [8] conducted this experiment to study the effects of the swirl driven by a rotating
pipe wall on turbulent flow characteristics. The pipe inner diameter D is 30 mm. According
to the experiment, a fully developed flow was established after the pipe length L =120D. The
dimensionless rotation rate N =0.5, where

N = Wwall/um (35)

In the above definition, W, is the tangential wall velocity and u,, is the bulk mean axial
velocity. The Reynolds number based on u, and D is 20 000.

At the entrance, uniform axial velocity was specified. With the pipe rotation, the flow
developed axially, radially and tangentially. A 200 x 120 highly stretched non-uniform grid
was used, ensuring y* <0.5 along the first grid-line from the wall.

The final developed axial and tangential velocity profiles are shown in Figure 1. SKE is
completely unable to capture any swirl effect. The results show that SKE yields a solid body
rotation, while all cubic models correctly represent the parabolic distribution of tangential
velocity. Also axial velocity profile is described well by cubic models.

A fully developed rotating pipe flow provides a very clear test case for checking the
turbulence model’s ability to model swirling flows [1]. In cubic models except for AL, the
coefficients of cubic terms y; and 74 are calibrated by studying this flow, which results in
13 = 0. However, it is shown that both y; and )4 cubic terms are important [7]. Therefore,
there exist some restrictions in these models.

5.2. Jet in strongly swirling confined flow

Experimental data had been obtained by So et al. [9]. This case is designed to examine the
interaction between swirl-induced curvature and turbulence. The flow geometry is shown in
Figure 2. A strongly swirling outer flow, characterized by the swirl number

R R
S:/ UWerr/R/ U’rdr=225 (36)
0 0

was introduced into a chamber of radius R =62.5 mm together with a central non-swirling jet
of diameter d =8.73 mm. The latter is introduced to inhibit extensive reverse flow along the
centreline. The average velocity upstream was about 6.8 m/s. Based on it and the diameter of
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Figure 1. Fully developed axial and tangential velocity profiles in the axially rotating pipe.
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—#-unznd=.-. U

W Solution domain

Figure 2. Geometry of strongly swirling-confined jet flow.

the test section, the characteristic Reynolds number was Re =5.49 x 10*. The axial velocity at
the jet exit is 25.4 m/s, which makes the jet Reynolds number Re; =1.438 x 10* based on d.

The inlet plane was located at x/d =1, where the measured data were specified. The tur-
bulent kinetic energy k is calculated from the measured and assumed normal stresses. The
dissipation rate is calculated as ¢ =k'3/0.36R [2]. Because of the strongly swirling condition,
the flow is close to subcritical. It was found that subcritical state flow is highly sensitive
to the perturbation far downstream [15]. Therefore, at the exit plane x/d =40, the measured
axial velocity is prescribed to avoid the predictive uncertainties [2]. Zero-gradient conditions
are adopted for all other variables. At both inlet and exit planes, the measured axial velocity
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Figure 3. Axial velocity profiles.

profiles have been corrected slightly by about 6% in total so that they both correspond to the
measured mass flow rate of 104.8 gm/s.

The grid with 150 x 50 cells is employed, which is fine enough to minimize the effects of
numerical diffusion [16]. This non-uniform grid ensures y* <0.2 along the first grid-line from
the wall for the use of low-Reynolds-number turbulence models.

Figure 3 present the axial velocity profiles at different locations. SHIH predicts a rapid
decay of centreline velocity and gives a large reserve flow region along the centreline. This
perhaps suggests an overestimation of swirl-induced turbulence damping. It is clear to see that
MDVD simulates the decay of central jet correctly.
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Figure 4 show the tangential velocity profiles. SKE predicts a solid body profile of the tan-
gential velocity, while cubic models mimic the observed combined forced-free vortex motion.
The result of AL agrees with experimental data fairly well. This is due to the special con-
sideration of model derivation and calibration. The stress—strain relationship of AL is formed
by successive iterative approximations to an algebraic stress model (ASM), and the free co-
efficients are just calibrated by DNS data of a channel flow so that the special calibration of
cubic term is avoided.

Copyright © 2003 John Wiley & Sons, Ltd.
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Figure 5. Shear stress uv profiles.

In Figure 5, the cubic model predictions indicate a lower level of shear stress uv, whereas
no measured data are available to support the simulation. The reduction of the shear stress
level produced by cubic models is responded to swirl-induced strains.

The predicted turbulence intensities are compared with the experiment in Figures 6 and 7.
Both the measurements and predictions show nearly isotropic normal stresses. None of the
models satisfactorily predicts the turbulence intensities. The cubic models return a lower level
of normal stresses in response to the swirl-related strain at this high level of swirling flow and
agree with the measurements. A subcritical state appears to reflect a strong decay in turbulent
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Figure 6. Axial turbulence intensity profiles.

mixing. SKE fails to capture the subcritical nature of the flow, whereas cubic models appear
to represent the primary flow features correctly.

It is interesting to compare the performances of MDVD and MDVD2 (MDVD without
the y4 term). Figures 8 and 9 show the results of axial and tangential velocity profiles by
these two models, respectively. It can be seen that MDVD2 obtains results closer to the
measurements. This is difficult to explain. However, a fully developed rotating pipe flow
provides a too simple test case for determining the cubic terms, so a more precise calibration
is necessary.
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Figure 7. Tangential turbulence intensity profiles.

6. CONCLUSIONS

The present studies demonstrate the superiority of cubic models over SKE in the prediction of
strongly swirling flows. SKE does not contain any mechanism to describe the stabilizing effects
of swirling motion and as a consequence it performs poorly. While cubic models are sensitive
to the swirl-induced body forces and reproduce the major features of the subcritical flow,
including the strong stabilizing effects of the swirl on the Reynolds stresses and tangential
velocity, which are in reasonable agreement with the measurements.
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Figure 8. Axial velocity profiles of MDVD.

A fully developed rotating pipe flow does not contain enough flow physics, hence is too
simple for calibrating the cubic-order turbulence model and the calibration of cubic terms is
still a topic of investigation. The results of AL show that explicit algebraic stress models
(EASM) provide an effective approach to predict strongly swirling flows, which require fewer
calibrations and contain more flow physics.
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Figure 9. Tangential velocity profiles of MDVD.
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